Abstract. We define a class of numerical semigroups S, which we call Castelnuovo semigroups, and study the subvariety M S g,1 of Mg,1 consisting of marked smooth curves with Weierstrass semigroup S. We determine the number of irreducible components of these loci and determine their dimensions. Curves with these Weierstrass semigroups are always Castelnuovo curves, which provides the basic tool for our argument. This analysis provides examples of numerical semigroups for which M S g,1 is reducible and non-equidimensional.
Introduction
If C is a smooth algebraic curve of genus g, and p is any point on C, there is a numerical semigroup S(C, p), called the Weierstrass semigroup, given by the set of pole orders at p of rational functions on C that are regular away from p. Weierstrass's Lückensatz (a consequence of the Riemann-Roch formula) states that this semigroup has complement of size g in N; therefore the number of gaps in a numerical semigroup is called its genus.
If (C, p) is a general marked smooth curve, S(C, p) is the "ordinary semigroup" {0, g + 1, g + 2, · · · }, and the ith gap of the Weierstrass semigroup is upper semicontinuous in M g,1 . Thus the numerical semigroups of genus g give a stratification of M g,1 by locally closed subvarieties M S g,1 . Many aspects of this stratification remains mysterious, especially in high codimension.
The purpose of this paper is to describe the irreducible components of M S g,1 in the case of a special class of semigroups: those whose generators form a contiguous interval in N. For positive integers r, d such that r ≥ 2 and d ≥ 2r − 1, we denote
For reasons to be explained shortly, we call these Castelnuovo semigroups. In addition to providing a large family of high-codimension strata in M g,1 , these semigroups also provide infinitely many examples in which M S g,1 is reducible, and indeed non-equidimensional. We prove the following. g,1 is irreducible.
In fact, we compete the exact dimension of the components of M S r,d
g,1 ; see Theorem 5.6. Theorem 1.1 as stated will be proved in Section 5 as a straightforward corollary. The proof is based on Castelnuovo theory: we show that if (C, p) ∈ M S r,d
g,1 , then C can be embedded as a Castelnuovo curve of degree d in P r (uniquely up to Aut P r ), such that the osculating plane at p meets C at no other points. The components of the Hilbert scheme of Castelnuovo curves are known ( [Cil87] ; discussed without proof in [HE82] ), and the technical aspect of our proof is to establish that imposing the vanishing condition at p drops the dimension by the expected amount.
The assumptions r ≥ 3, d ≥ 2r+1 are merely to exclude a few exceptional cases, which are already well-understood:
(1) If d = 2r − 1, then S r,d = {0, r, r + 1, r + 2, · · · }, i.e. the ordinary semigroup of genus g = r − 1. So M S r,d
g,1 is a dense open subset of M g,1 .
(2) If d = 2r, then S r,d has gaps {1, 2, · · · , r, 2r + 1}, so g = r + 1.
This semigroup is studied in [Bul13] , where it is proved that M
is irreducible of dimension 2g − 1; it is the locus denoted G odd g in [Bul13] , corresponding to points p on non-hyperelliptic curves such that (g − 1)p is an odd theta characteristic. 2 , and M S g,1 is irreducible of dimension g + 2d − 6. The original impetus to study Castelnuovo semigroups arose by studying the effective weight of numerical semigroups, which is an upper bound on the codimension of M S g,1 in M g,1 introduced in [Pfl16] . It is defined by ewt(S) = b∈N\S # (generators a of S with a < b) .
Attempting to find semigroups for which codim M S g,1 < ewt(S) led the author to attempt to classify the numerical semigroups of maximum effective weight. Experimental evidence strongly suggests that this maximum is , and that for g ≥ 10 this maximum is attained only by a particular set of Castelnuovo semigroups. We discuss these matters in more detail in Section 6. The three cases above show that if d ≤ 2r or r = 2, then M S r,d
g,1 has codimension ewt(S) in M g,1 . In fact, we prove (Proposition 6.3) that the same is true if d = 2r + 1 and a few other cases, but that codim M S r,d g,1 < ewt(S r,d ) for all other r, d. This is the largest class of such semigroups that the author is aware of, and will hopefully suggest how the quantity ewt(S) can be improved to better predict dim M S g,1 for a broader range of semigroups.
Conventions
We work over the field C of complex numbers. A point of a scheme will always refer to a closed point, and when we say that a general point of a scheme satisfies a property, we mean that there exists a dense open subset in which all points satisfy the property. A curve is always reduced, connected, and complete.
If D is a divisor on a variety X, then |D| will denote the complete linear series of D, and φ |D| denotes the associated map to projective space.
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Fully inflected Castelnuovo curves
The genus of the semigroup S r,d is a quantity that arises in classical algebraic geometry. r−1 − 1, r − 1) in the expression on the right hand side, and obtain the same result. Going forward, it will often be convenient, instead of fixing integers r, d, to fix integers r, m, ε such that 0 ≤ ε ≤ r − 1, and to then define d = m(r − 1) + ε + 1, therefore splitting cases where d − 1 is divisible by r − 1 into two separate cases. The same expression m 2 (r − 1) + mε for π(r, d) can be used in both cases.
Lemma 2.3. The genus of S r,d is π(r, d).
Proof. The gaps of S r,d can be decomposed into a sequence of contiguous segments of the form (kd, (k + 1)(d − r + 1)) ∩ Z. The sizes of these segments form an arithmetic progression, beginning at d − r, with common difference −(r − 1), and terminating once the next term would be negative. An elementary calculation shows that the sum of this progression is π(r, d).
A classical theorem of Castelnuovo (see e.g. [GH78, p. 527 Remark 2.4. Carvalho and Torres [CT03] prove an upper bound on the genus of a numerical semigroup that is analogous to Castelnuovo's bound on the genus of a curve in P r . Castelnuovo semigroups give an equality case for this bound.
g,1 , then the complete linear system |d · p| embeds C in P r as a Castelnuovo curve of degree d, and the contact orders of hyperplanes at p are exactly 0, 1, 2, · · · , r − 1, and d.
Proof. Regard the elements of H 0 (C, O C (d · p)) as regular functions on C\{p}. The ring generated by these functions include functions of every possible pole order at d, hence this ring includes all regular functions on C\{p}. So φ |d·p| embeds C\{p} in A r . Only p is sent to infinity, so φ |d·p| is injective on points. The multiplicity of p in an element of |d · p| is the same thing as the contact order of a hyperplane in P r , and in turn it is d minus the pole order of a rational function that is regular away from p. So these contact orders are {0, 1, · · · , r − 1, d}. In particular, since 1 is a contact order at p, the map φ |d·p| induces an injection on the tangent space at p; it follows that it is an embedding. Lemma 2.6. Suppose that C is a Castelnuovo curve of degree d in P r , such that the hyperplanes in P r have contact orders exactly 0, 1, 2 · · · , r − 1, d at p. Then S(C, p) = S r,d , and C is embedded by φ |d·p| .
Proof. Let ζ be the hyperplane pulling back to d · p on C. Then pulling back H 0 (O P r , O P r (ζ)) to C, and regarding the resulting sections of H 0 (C, O C (d · p)) as rational functions on C regular away from p, we see that S(C, p)
Since S(C, p) has the same number of gaps, g, as S r,d , these two semigroups are equal. The fact that C is embedded by φ |d·p| follows since d·p is a hyperplane section and dim |d · p| = r.
Therefore we can study the irreducible components of M S r,d
g,1 in terms of the irreducible components of the following variety.
Definition 2.7. Let Φ r,d denote the variety of triples (C, ζ, p), where [C] is a point in the Hilbert scheme of degree d smooth curves of genus g in P r , p is a point on C, and ζ is a hyperplane in P r , such that C and ζ meet only at p and the other contact orders of hyperplanes at p are 0, 1, 2, · · · , r − 1. g,1 , and each has dimension dim Aut P r more than the corresponding component in M
g,1 . 2.1. The Hilbert scheme of Castelnuovo curves. We now review the basic structure theorems for Castelnuovo curves.
The standard proof of the Castelnuovo bound has a qualitative consequence: a Castelnuovo curve always lies on a surface of degree r − 1. A theorem of Bertini (see e.g. [EH87] ) states that such a surface is either a rational normal surface scroll or a Veronese surface in P 5 . By a "rational normal surface scroll," we mean either a smooth scroll or a cone over a rational normal curve of degree r − 1. Equivalently, a scroll is the variety Sc a,b cut out by the 2 × 2 minors of the matrix
. If a, b are positive then the scroll is smooth and isomorphic to the Hirzebruch surface F |b−a| , while if a = 0 and b = r−1 then the the scroll is a cone over a rational normal curve of degree r − 1, and the blow-up of the scroll at the cone point [1, 0, 0, · · · , 0] is isomorphic to F r−1 . See Section 4 for a definition of F δ and a description of the map to P r . The number δ = |b − a| will be called the invariant of the scroll. A scroll with δ equal to the remainder when r − 1 is divided by 2 (i.e. δ ∈ {0, 1}) is called balanced, while if δ = r − 1 it is called a singular scroll.
Denote by H r,d the (open) locus in the Hilbert scheme of degree d and arithmetic genus π(r, d) schemes in P r consisting of smooth non-degenerate curves. A description of the schemes H r,d was stated without full proof in [HE82] , and proved in [Cil87] . We use different notation for these components from that of [Cil87] , which will be convenient later.
Definition 2.9. Let r, m, ε be integers such that r ≥ 3, 0 ≤ ε ≤ r − 1, m ≥ 2. If m = 2, also assume that ε ≥ 2. Denote by H r,m,ε the subvariety of the Hilbert scheme given by curves of class (m + 1)H − (r − 2 − ε)R on a scroll in P r , where H is the hyperplane class and R is the class of a ruling line.
Denote by H δ r,m,ε ⊆ H r,m,ε the locally closed subvariety consisting of curves lying on a scroll of invariant δ. 5,m,3 ; otherwise, they are disjoint. The dimensions of these components are as follows.
The classification of the components of H r,d allows us to split Φ r,d into pieces according to the type of surface the curve lies on, and its class on that surface.
Definition 2.12. Denote by Φ r,m,ε the parameter space of triples (C, ζ, p), where C is a curve of class (m + 1)H − (r − 2 − ε)F on a rational normal surface scroll X in P r , ζ is a hyperplane, and p is a point on C such that ζ ∩ C = {p} set theoretically, and such that other hyperplanes in P r have contact of orders 0, 1, 2, · · · , r − 1 at p.
Denote by Φ δ r,m,ε the locally closed subvariety of Φ r,m,ε consisting of triples (C, ζ, p) such that the scroll on which C lies has invariant δ.
For an even integer d ≥ 12, let Φ ver 5,d denote the parameter space of triples (C, ζ, p), where C is a curve of class d 2 H on a Veronese surface, ζ, p are as in the first paragraph, and such that other hyperplanes have contact order 0, 1, 2, · · · , r − 1 at p.
We mention one dimension estimate that will be needed later.
Lemma 2.13. All irreducible components of Φ r,m,ε have dimension at least π(r, d) + 2m + ε − 2 + dim Aut P r .
Proof. By Theorem 2.11, the irreducible component
Therefore the parameter space of triples (C, ζ, p), where C is such a curve, ζ is any hyperplane in P r , and p is point on C, has dimension g+2m+ε+d−2+dim Aut P r . The condition that ζ meets C to order d at p is given locally by d equations, hence imposing this condition decreasing the dimension by at most d. This gives the claimed bound.
We wish to show that the parameter spaces Φ r,m,ε and Φ ver 5,d are irreducible, and to calculate their dimensions exactly. We will do this by first fixing a particular surface and analyzing curves on that surface alone; this is the task of the next two sections.
Analysis on a fixed Veronese surface
The analysis of Φ ver 5,d is easier than that of Φ δ r,m,ε , so we present it first. Let d ≥ 12 be an even integer, and let k = 2 . We will analyze smooth curves of degree k on P 2 , with a marked point p and contact orders 0, 1, 2, 3, 4, d with the linear system |O P 2 (2)| of conics. Note that, when P 2 is embedded in P 5 as a Veronese surface, the linear system of conics becomes the linear system of hyperplane sections.
consisting of triples (C, ζ, p), where C is a smooth degree k curve, p ∈ C is a point, and ζ is a degree 2 divisor on P 2 pulling back to d · p on C, such that other elements of the linear system |O P 2 (2)| meet C to orders 0, 1, 2, 3, and 4 at p.
, ζ is a smooth conic. Proof. Suppose that ζ is not a smooth conic. Then it must be either a pair of lines or a double line. It follows that there exists a line meeting C to order k at p. By choosing another degree 2 divisor ζ ′ consisting of a line meeting C to order k at p and a line not meeting p, we see that k is a contact order of the linear system of conics at p. But 4 < k < d, so this is impossible.
Lemma 3.3. If C is a smooth degree k curve meeting a smooth conic ζ to order d at p, then there exist other elements of |O P 2 (2)| meeting C to orders 0, 1, 2, 3, and 4 at p. In other words, (C, ζ, p) ∈ Ψ ver 5,d . Proof. The tangent line to C at p must have contact order 2 with C, since C matches ζ to order greater than 2 and the tangent line can only meet ζ to order 2. Choosing elements of |O P 2 (2)| consisting of a pair of lines, each either disjoint from p, transverse to C at p, or tangent to C at p, we obtain degree 2 divisors on P 2 meeting C to order 0, 1, 2, 3, 4 at p.
if and only if C is smooth, p ∈ C, and C meets ζ to order d at p. 2 +6. Proof. Fix a smooth conic ζ and a point p ∈ ζ. The linear system |O P 2 (k)| pulls back to ζ as the complete linear system of degree d, since
The only base points of d must lie on ζ, since d includes all divisors of the form ζ + C ′ , where C ′ is a degree k − 2 curve, and |O P 2 (k − 2)| is base point free. Since d includes some elements not containing ζ entirely, and hence meeting ζ only at p itself, the only base point of d is the point p. 
Analysis on a fixed Hirzebruch surface
After reviewing some basic information about Hirzebruch surfaces, we perform in this section an analysis on Hirzebruch surfaces similar to the analysis performed in Section 3 on Veronese surfaces. In contrast to Section 3, we will not give an exact dimension calculation in all cases; instead we will give an exact calculation when δ ∈ {0, 1} and an upper bound in the other cases. This upper bound will be enough to show that the locus in Φ r,m,ε for which C lies on a balanced scroll is dense.
4.1. Preliminaries on F δ . Rational normal scrolls with invariant δ are convenient to analyze intrinsically as the Hirzebruch surfaces F δ . A convenient representation of F δ is as the toric surface defined by the complete fan with 1-dimensional rays spanned by (1, 0), (0, 1), (−1, δ), and (0, −1) (see [Ful93] for background on toric varieties; the case of F δ is discussed on p. 7). The surface is the union of four affine charts: The complement of the torus consists of four smooth rational curves: the zero and pole locus of the rational function x, which we denote F and F ′ respectively; the closure of the x-axis in U 1 , which we denote by D and call the directrix, and the closure of V (y −1 ) ⊂ U 2 , which we denote by D ′ . The rational functions x, y show that F ∼ F ′ and D ′ ∼ D + δF . In fact, the Picard group of F δ is free on generators D, F (see [Ful93, p. 70] ), but we do not need this fact.
There is a projection π : F δ → D to the directrix given by (x, y) → (x, 0) on U 1 ; similar expressions may be found in the other charts. The fibers of this projection are linearly equivalent smooth rational curves (including F and F ′ ), which we will call the ruling lines.
The global sections of the line bundle O F δ (αD+βF ), regarded as rational functions regular away from the divisors D and F , must be regular on the torus (i.e. lie in C[x ±1 , y ±1 ]), and analyzing orders of vanishing on the boundary shows that (cf. [Ful93, Lemma on p. 66])
Corollary 4.1. The dimension of the space of global sections of
where this sum is understood to be 0 when α < 0.
The following Corollary follows in a straightforward manner (cf. [Har77, Theorem 2.17, Corollary 2.18]). Proof. The right side of equation (1) can be rewritten α j=0 (β + 1 − jδ). Corollary 4.1, with Serre duality and the fact that the canonical divisor of F δ is −2D − (δ + 2)F , shows that O F δ (αD + βF ) has vanishing second cohomology. Now use Corollary 4.1. The last sentence follows from the fact that (αD + βF ).D = β − αδ.
4.2.
Fully inflected curves on F δ . Throughout this subsection, we fix integers r, m, ε, and δ, such that r ≥ 3, r − 1 ≥ δ, r − 1 ≡ δ (mod 2), m ≥ 2, and 0 ≤ ε ≤ r − 1. We also assume that if m = 2, then ε ≥ 2.
We denote by d, g the integers m(r − 1) + ε + 1 and m 2 (r − 1) + mε, respectively, and H r , Γ denote the following two divisors.
The divisor H r is the pullback of a hyperplane under φ |Hr| (Corollary 4.3); observe that H r .H r = r − 1.
We will analyze the following variety. It is the analog of Φ δ r,m,ε for a fixed Hirzebruch surface rather than a variable scroll.
Definition 4.5. Denote by Ψ δ r,m,ε the sub-variety of |Γ|×|H r |×F δ consisting of triples (C, ζ, p), where C ∼ Γ is a smooth curve, ζ is an element of |H r |, and p is a point of C, such that the pullback of the divisor ζ to C is equal to the divisor d · p, and such that the linear series |H r | includes elements meeting C to order 0, 1, · · · , r − 1 at p. Lemma 4.6. For all points (C, ζ, p) ∈ Ψ δ r,m,ε , the divisor ζ is a smooth. Proof. We claim that ζ is irreducible. This will show that it is smooth, since ζ.F = 1, hence ζ meets all ruling lines transversely and must have a 1-dimensional tangent space at all points.
Suppose that ζ is reducible. Then one irreducible component has class D + ℓF for some ℓ ∈ Z, while all other irreducible components are supported on ruling lines, by Corollary 4.2. So ζ includes the ruling line through p with some positive multiplicity. Since C can meet this ruling line at only one point, it meets it to order C.F = m + 1 at p. By moving one copy of the ruling line to a different location, we obtain another divisor ζ ′ ∼ ζ meeting C to order d − m − 1 at p. This vanishing order must lie in {0, 1, · · · , r − 1, d}, hence d − m − 1 ≤ r − 1. Since d − 1 = m(r − 1) + ε, this implies that (m − 1)(r − 2) + ε ≤ 1. But this is impossible, since r ≥ 3 and m + ε ≥ 3.
Lemma 4.7. If C is a smooth irreducible curve in |Γ|, ζ is a smooth element of |H r |, and the pullback of ζ to C is d · p, then there exist other elements of |H r | meeting C to orders 0, 1, · · · , r − 1 at p. In other words, (C, ζ, p) ∈ Ψ δ r,m,ε . Proof. By Corollary 4.4, 1) ) is surjective. In other words, the linear series |H r | on F δ pulls back to the complete linear series of degree r − 1 on ζ ∼ = P 1 . So there exist elements of |H r | meeting ζ to orders 0, 1, 2, · · · , r − 1 at p. Since ζ meets the smooth curve C to order r at p, these same elements of |H r | also meet C to orders 0, 1, · · · , r − 1 at p. Corollary 4.8. A triple (C, ζ, p) ∈ |Γ| × |H r | × F δ lies in Ψ δ r,m,ε if and only if ζ and C are smooth, C is irreducible, and the pullback of the divisor C to ζ is equal to the divisor d · p on ζ.
Remark 4.9. Whereas our analysis has led us to curves C on scrolls meeting a hyperplane section ζ at a single point p, Carvalho [Car02] has studied an analogous situation: Weierstrass semigroups of points p on curves C on scrolls where a ruling line meets C at the point p alone.
Lemma 4.10. Let ζ be a smooth element of |H r |, and p ∈ ζ a point. The linear map
induced by the short exact sequence
has cokernel of dimension less than or equal to max(δ − 2, 0). Since m ≥ 2, δ ≤ r − 1, and ε ≥ 0, it follows that (Γ − H r ).D ≥ 1 − δ.
Proof. The dimension of this cokernel is equal to the dimension of the image of the boundary map
Proposition 4.11. If δ ∈ {0, 1}, then Ψ δ r,m,ε is irreducible of dimension g + 2m + ε + 4.
Proof. Fix a smooth ζ ∈ |H r | and p ∈ ζ. Lemma 4.10 shows that |Γ| cuts out a complete linear series on ζ, and in particular there is a codimension d sub-series of |Γ| consisting of divisors C that either contain ζ entirely or meet it to order d at p. Denote this linear series by d.
We claim that the only base point of d is p itself. First, observe that d includes the linear series ζ + |Γ − ζ| of those elements containing ζ entirely. As in the proof of Lemma 4.10, we have (Γ − ζ).D ≥ 1 − δ ≥ 0. Hence by Corollary 4.2, |Γ − ζ| is base point free. This shows that any base point of d must lie on ζ. Next, since
necessarily contains some members that intersect ζ only at the point p. Therefore p is the only base point of d.
Bertini's theorem [Har77, Corollary 10.9] implies that a general member of d is nonsingular except possibly at p. On the other hand, there exist elements of d consisting of ζ itself plus a divisor that does not meet p, and these members are smooth at p. So for a general member of d, p is a smooth point. Therefore a general element of d is a smooth curve meeting ζ to order d at p. All such curves are necessarily irreducible, since otherwise all components would meet at p and the curve would not be smooth.
Equation (1) and a rearrangement of terms shows that
As Proposition 5.1. The parameter space of Veronese surfaces in P 5 is irreducible of dimension 27.
Proof. All Veronese surfaces in P 5 are projectively equivalent, every automorphism of a Veronese surface is induced by an automorphism of P 5 , and there are no nontrivial automorphisms of P 5 fixing all points of a Veronese surface. Therefore the space of Veronese surfaces has dimension dim Aut P 5 − dim Aut P 2 = 35 − 8 = 27.
Combining this with Proposition 3.5, we obtain the following. A particular scroll of invariant δ is determined by a rational normal curve of degree a (spanning an a-plane in P r ), a rational normal curve of degree b (spanning a b-plane) , and an isomorphism between them. The space of choices of these data has dimension (r + 1)(a + 1) − 4 + (r + 1)(a + 1) − 4 + 3 = (r + 1) 2 − 5. These two rational curves have classes D and D ′ in the notation of Section 4. A different choice of the two rational curves gives the same surface in P r if and only if they are, respectively, images under the map F δ → S a,b of curves in the classes D and D ′ , respectively. Hence the dimension of this parameter space is (r + 1) 2 − 5 − dim |D| − dim |D ′ |. Corollary 4.1 shows that if δ > 0 then dim |D| = 0 and dim
If δ = r − 1, the argument is essentially the same, except that rather than choosing a degree a rational curve, one chooses a single point in P r , and there is no need to choose an isomorphism between the two rational curves. These differences cancel each other to give the same expression for the number of parameters.
Corollary 5.4. The parameter space Φ r,m,ε is irreducible of dimension g + 2m + ε − 2 + dim Aut P r , and for δ ∈ {0, 1} (δ ≡ r − 1 mod 2), Φ δ r,m,ε is dense in Φ r,m,ε .
Proof. Propositions 4.11 and 5.3 imply that for δ ∈ {0, 1} (whichever is congruent to r − 1 modulo 2), Φ δ r,m,ε is irreducible of the desired dimension. On the other hand, Propositions 4.12 and 5.3, and Lemma 2.13, show that for δ > 1, any irreducible component of Φ δ r,m,ε has codimension at least (δ − 1) − (δ − 2) = 1 in Φ r,m,ε . Hence no irreducible component of Φ r,m,ε lies in the closure of Φ δ r,m,ε for δ > 1. Therefore there is only one irreducible component, the closure of the locus corresponding to curves on balanced scrolls, of the claimed dimension. g,1 is CW r,m,ε , which has dimension g + 2m + ε − 2. In the following two cases, there is a second irreducible component, while in all other cases M Proof of Theorem 1.1. Part (2) is included in Theorem 5.6. To prove the inequalities in part (1) for both types of irreducible components coming from curves on scrolls, it suffices to check, for any integers r, m, ε with r ≥ 3, m ≥ 2, 0 ≤ ε ≤ r − 1, and ε ≥ 2 in the case m = 2, the inequalities
Note that the two different possible dimensions of components are accounted for since ε can be either 0 or r − 1. The stronger lower bound 6 ≤ 2m + ε follows immediately from our assumptions. The upper bound is equivalent to 0 ≤ m 2 (r − 1) − 6m + (m − 3)ε + 12. In the case m = 2, the right side is equal to (r − 1) − ε, which is nonnegative. In the case m − 3 ≥ 0, the right side is at least Remark 5.7. Checking equality cases in the proof above shows that both bounds are sharp. The lower bound g + 3 ≤ dim X occurs only in one case: CW 
Effective weights of Castelnuovo semigroups
We explain in this section our original interest in Castelnuovo semigroups. In [Pfl16] , we prove that for every numerical semigroup S of genus g, every component of M S g,1 has dimension at least 3g − 2 − ewt(S), where ewt(S) was defined in the introduction, and prove the existence of effectively proper components, that is components where equality is achieved, for all semigroups such that ewt(S) ≤ g − 1. Several specific families of numerical semigroups are provided in that paper, where M S g,1 has codimension larger than g and is effectively proper.
We were originally led to study Castelnuovo semigroups by searching for semigroups for which the effective weight bound was likely to not hold with equality. A natural place to search for such examples is to find those semigroups of maximum effective weight in each genus. This led us to the following conjecture (Conjecture 1.7 in [Pfl16] ), which we have verified for all semigroups of genus up to 50 by a computer search 1 .
Conjecture 6.1. For any numerical semigroup S of genus g, ewt(S) ≤ (g+1) 2 8
. For g ≥ 10, the only equality cases are Castelnuovo semigroups. where η is an integer between −2 and 2 inclusive such that η ≡ g + 1 (mod 4) (there are two choices when g ≡ 1 (mod 4), and only one choice otherwise). Then S r,d is a genus g Castelnuovo semigroup of effective weight
. When g ≥ 10, these indeed are the only equality cases coming from Castelnuovo semigroups.
Proposition 6.2. For any Castelnuovo semigroup S r,d of genus g, Conjecture 6.1 holds. For g ≥ 10, the only Castelnuovo semigroups that achieve equality ewt(S r,d ) = nonnegative. Furthermore, the floor of this quantity is 0 if and only if 2ε − 2 ≤ r ≤ 2ε + 2. Let η = r − 2ε; we have shown that the equality case of Conjecture 6.1 is equivalent to |η| ≤ 2. Some algebra shows that g = 4ε+η−1, hence η ≡ g+1 (mod 4), d = 1 4 (5g+1+3η) and r = 1 2 (g+1+η). So the proposition holds in the case m = 2. Now suppose m ≥ 3. We will show that if g ≥ 10, then S r,d has effective weight striclty less than
. It is straightforward to enumerate the Castelnuovo semigroups with m ≥ 3 and genus g ≤ 9 to check the Proposition in those cases (in three of them, namely (r, d) = (3, 7), (3, 8), and (4, 10), equality occurs in Conjecture 6.1; the cases (3, 8) and (4, 10) give genus 9 semigroups, so we must assume g ≥ 10 in order to prove the strict inequality).
Algebraic manipulation shows that ewt(S r,d ) = We claim that this, in turn, is at most g,1 has dimension strictly larger than the first, so we do not need to consider it. Now consider the components CW With this in mind, we are naturally led to the question: can the effective weight be improved to accomodate Castelnuovo semigroups? Question 6.4. Is there a combinatorial quantity associated to every numerical semigroup that gives an upper bound on the codimension of all components of M S g,1 for all numerical semigroups S of genus g, is equal to ewt(S) when ewt(S) ≤ g − 1, and is equal to the maximum codimension of a component of M S g,1 for all Castelnuovo semigroups S?
